OMOINONAIA

[[JE
I E

NOLIILNO4dO®

EAAAAO I
NOXILA3VIVUM3I

ITANEAAAAIKEXZ EEETAXEIX
I'" TAZEH HMEPHXIOY I'ENIKOY AYKEIOY
TPITH 6 IOYNIOY 2023

MAGHMATIKA
(AITANTHZXEIY)
OEMA A.
Al. Xyohkoé Birio cerioa 111
A2. Xyolké Pipiio ceridoa 104
A3. Zyolké Pipiio ceridoa 128
A4. a) AdBog
B) AaBog
v) AdBog
0) XmoTo

€) XmoTo

OEMA B.
B.1

['a 1o medio opiopov g f =geo h
Dgop, = {X € D, /h(x) € Dg} ={x>0/Inx € R} = (0,+0)

["a tov tomo g f €yovpe

4_ezlnx 4_elnx
fx) =g(h(x) =g(nx) = ohx = = , x>0




B.2

i.  Hfeivon ovveyng oto (0, +00) mg pnen kot tapayoyicun oto (0, +00)
—2xx—(4-x2)  —2x?-4+x? _ —x?-4 _ —(x%+4)

oto (0, +0), ondte n f yvnoia pbivoveaa oto (0, +0).
nfi

, 4-m? _ 4-e?

Eyovue: m>e = f(n)<f(e)=>T< =

e-(4—1?) <m-(4—e?) Spodue pe e(4 — e?) < 0 ondte
TPOKVTTEL :
4—-m* w

—>_
4—e2 e

B.3.
Kotakopoen (vroymeia n x = 0)

. 4'_x2 ’ ’ r 4
lim f(x) = —— =1, apanx = 0 elvan kotakOpLEN AGVUTTOTY.
x—0

Opovta - [TAGya

"Eyovpe f(x) = —<=>f(x) = ———<=>f(x) = ——x s
4
e fx)=—(-x) =
X
e 1151_1 2= 0, apa 11m [f(x) —(—x)] =0
X—>+00 X
OTOTE OO TOV OPIGUO TNG nkowtag acVUTTOTNG M €VBeio y = —x glvor TAGyL

acvpmtet ™G Cf 070 + 00. Opiidviio achuntm™ dev £xetL.

B.4

, . ovv(1+x?
I'a 1o 6pro lim ov(i+x)

+ 60 vrohoyilovpe TpadTa 10 Op1o ™G f(x)
X—+00

‘Exovpe hm f(x) = lim 2 < _ lim > lim (—x) = —

x—+00 X X—+o00 X X—+00
Omote lim —— =10
x—+00 f(X)

Ivopilovpe 61N cvuvdptnon y = ovv(1 + x2) givar paypévn, 0ov 1oydel
—1<ovww(l+x?) <1ywkdlex € RN |ovv(1l+x?)| <1

ovv(14x2)

f)

_|crvv(1+x2)|< 1, 1 ovv(1+x?) 1

Apo — < <
ool = ireor P T ol @l @l
2

‘Exovpue




Eneon lim (— ;) =0, lim L= 0 and 10 KPLTN P10 TopEUPOANG

X—>+00 lf I x—=+00 [f(X)|
ovv(1+x%)

naipvoupe lim 0.

x>+  f(x)

OEMAT.

I'l. H f oo [2,3] &gl tomo f(x) =i+a1<oun
1 ’ , r
y=x-f(x) =x-(;+a) =1+ a - x givar cuveyng ondte
3 3 x213 a 22
Sy xf()dx = [ (1 + ax)dx = [x+a7]2—(3 +E-9)—(2+a-7)—
3+2-2-Z=1+Zomel+==1oa=0.

I2. 1) Oa amodeiCovpe 6TL N f gival mopoywyioun 610 x, = 1

 f)—-f@) o x?—-3x+3-1  x*-3x+2

11m _— = llm = llm _ =

x-1" x—1 x-1" x—1 x—->1" x—1
x—2)(x—1

lim ( ) )= lim(x—2)=-1

x—->1" x—1 x—1"

1 1 1—x
hmw_hmg_ —th—hml;x_
x-1t x—1 _x—>1+x—1_x—>1+x—1_x—>1+x(x—1)_

1
-1
lim — = -1
x-1T x

Apan f eivol Tapaywyiowun oto x, = 1.
i) H e&lomwon ¢ epamtopévng ivat

@: y-fWO=fO-&k-De
y—1l=-1-x—-1)ey-1l=—x+1loy=—x+2

Enedn f/(1) = -1 © gpw = -1 w = 135" agod 0° < w < 180°.

x2—-3x+3,x<1

I'3. Eyovpe f(x) = {1
2 x=>1

H f eivon mapayoyioun oto (—oo, 1) pe f'(x) = 2x — 3

H f eivon mopayoyiown oto (1, +0) pe f/(x) = ——=

x2



H f eivon mapaymyioyun oto x, = 1(gpotnua [21) apan f elvor mapayoyicyn
010 R ondte Ko cvuveyng oto R.

Yto(—oo,I)nf'(x) =0 2x—-3=0x = % QTOPPITTETOL.
Y10 (1,400)n f'(x) #0

I'o to Tpdonuo ¢ ' (x) €xovue

Y10 (=0, 1): x < 1=>x<§:2x—3<0=>f’(x)<0

S0 (1, +): f'(x) = =% < 0. Emiong f'(1) = =1 épa f'(x) <
0 yta k&Be y € R omdte N f yvnola ebivovoa 6to R dpa ko 1 — 1.
["oa 10 6VVoAO TNV TNG

lim f(x) = lim (x?-3x+3) = lim x? =4
X——00 X—>—00

X——00

1
lim f(x) = lim —=0

X—>+00 X—>+0 X

Apa pe f yvnow eBivovoa maipvovpe

f((=o0,+00)) = (lim (), lim £ (x)) = (0, +00)

I'4. Znreiton epPfaddv evoc ympiov mov opiletat omod TIC YPUPIKES TUPUCTACELS
TPLOV cvvapTRoeny, TG f(x) = i, m¢ (8):y = —x + 2 ko tov x'x GEova

onAadn g y = 0. Oa Kavovue oynuol.



-0.5

Eivon: A(1,1),4(1,0),I'(e,0),Z(2,0)
To E(£2) givon to epPadov 1oV YPOUUOCKIAGUEVOD Y®PIoV.

To {nroduevo guPado o to vroroyicovpe wg ™ dopopd Tov (AAZ) amd to
eupado (AATB).

"Exovpe (AAT'B) = flef(x)dx = fle%dx = [In|x|]¢ = [Inx]¢ =
Ine—Inl1=1rt.p.

(AAZ) =%-(AZ)-(AA) =§-(2—1)-1=§w-

Apa E(2) = 1—%:%1“-

OEMA A.

Al

)—2x

INa x € (0,2) kat x # 1 6étovpe g(x) = f(i—l omoTE lirr% gx)=+~.
_ Pt

‘Byovpe f(x) —2x=(x—1)glx) © fx) =2x + (x — 1) - g(x) ko
}Ciir}f(x) =}Ci£)1}[2x+(x—1)-g(x)] =2+40-¢=2.

Enicng,}ciir%f(x)=}Ci_r)ri[ln(2—x)—i+%] =lnl—-14+x=»—1.

Apa}f—1=2(:>%=3,or[()r£f(x)=1n(2—x)—i+3,x€(0,2).
5



H f eivar cvveyig oo (0,2) wg dOpotopa cuvexdv Kot mapaywyicun pe
-1 1 1 1 x24+x-2
&) 2—'(2—)+——2T+——T2+——
ffX=02x24+x—2=0=x=11x=—2(anopp.)

INa to pdonpo g f'(x) épovpe

X 0 1
+
@) i
\
oM
f() =2
. . N1 _ TR O

ler(r)lJrf(x) = xll)rgl_'_ (ln(2 X) -+ 3) 00 POV xll)r(g_ ~=+o0
ko in2 +3 € R
Axoun

: . N1 _ ,
xllgl_f(x) = xllgl_ (ln(Z x) -+ 3) = —00 aPOL
lim In(2 —x) = (Bé¢1w 2 — x = u omdTe U » 0)=lim lnu = —o
x—2~ u-0*t
Onoéte pe f yviowa abéovaa ato (0,1]: £((0,1]) = (lirgj(x),f(l)] =
xX—

(—OO’ 2]

To 0 € (—o, 2] ondte Oo VIEAPYEL TOLVAGYIoTOV évar X, € (0,1) dote f(x;) =0
Kot ooV N f yv. avéovoa oto (0,1) 10 x; povadiko pe x; < 1.

F((12) = ( lim G2, xlimf(X)> = (-»,2)
To 0 € (—oo, 2] ondte O VIEAPYEL TOLAIY LG , € (1,2) oo

f(x;) = 0 kot agod 1 f yv. pBlvovaa oto (1,2) 10 x, povadikd pe x, > 1.



Apan f(x) = 0 &er akpifadg 2 pilec x4, X, e x; < 1 < x,.

Enedi £ () =In(2-3)—-T+3=In2-3+3=In5-1n3>0,6pan

Wk

pila x; < i
>nueimon:
y=InxT
‘Eyoope: 5>3 = In5>In3 =
In5-1In3>0
A3

()

1-3x41

Qo dei&ovpe 0T vIapyel € € (0,1) wote f' () =

Aol x; < % , opiletat To doTna [xl, ﬂ

H f eivat cuveyng oto [xl, %] ¢ TPAEELS GLVEXDV.
. , 1

H f eivon mapayoyicwn oto (xl,g).

Apa and to ®.M.T. vrdpyel tovAdyiotov éva € € (xl, §) c (0,1) této10 hoTe:

1 1 1
o @) f(3)-0 - 3(3)
[ = 1 @f(f)=1_—3xl<=>f(f)=1_3xl
3 1 3
Axoun
1 2
f(X)=—m—F<O

Apan f' givan yynoing pBivovsa dpa 1o € ival Lovadiko.

A4

i.  A@ob F, G apyikéc cuvaptioelg g f oto (0,2) Oa iydovv
FFx)=fx), ¢'(x) =fxauF(x) =Gx)+C (1)
HDywux=x:F(x;))=G(x))+C=0=6G(x)+C&
C=-G(xy).



H(Dywx=x:F(x;)=6x)+C=F(x,)=0+C
& F(xy,)=C
‘Etou —G(x;) = F(x,) © F(x,) + G(x) =0

. Oewpd h(x) = x; - F(x) + x5 - G(x5) + 2x — x; — X, x € [x1, %, ].
H h givat cvveyng oto [x4, x5 | ©¢ npdéeig cvvexdv, agod F(x), G (x)
elvol GLVEYELS MG TOPAYMYIGULES.

h(x;) =2 F(xy) + %,G(xq) + 2%, —x; — %, = X5 - G(x) + %, — %, =

= —x,F (x2) + %1 — x5 apod G(x;) = —F(x;)
h(xy) = x1F (x3) +9%2666)+ 2x — x1 — %, = x1 - F(xp)+x, — x4

f1

Eivor F'(x) = f(x) yia kédbe x € (0,2) omdte x; <x <1 = f(x;) <
fl

fO=0<fXkm 1<x<x,= f(x)>f(x,) = f(x) > 0 onodte

nf(x) > 0070 (x,x,) = F'(x) > 0070 (X1, x,) ondte F T 070 (X4, X3).

F1
MNox, <x, = F(x) <F(x,) = 0<F(x,)

Apo —x,F(x,) < 0 kot enedf] x; — x, < 0 &yovpe h(x;) <0
kat x;F(x,) >0, x, —x; > 0= h(x,) > 0.

Apa h(x;) - h(x,) < 0 omote and Oedpnuo Bolzano &xovue 11 vdpyst pia
TovAdyotov pilo g h(x) = 0 ato (x4, x5).

[Ma v povaduwomro:

hx)=xF'(x)+x,-G(x)+2=
=x.f() + x,f(x) + 2 > 0 yua ke x € (xq, x3).

Apan hyv.a0éovoa 610 [x1, x,]| omdTe N pila mov e&ocParicape pe T0 O.
Bolzano sivat povadikr.



